We investigate the one-gluon-exchange (αα s ) corrections to the real photon structure functions W T T , W LT , W a T T and W τ T T in the massive parton model. We employ a technique based on the Cutkosky rules and the reduction of Feynman integrals to master integrals. We show that a positivity constraint, which is derived from the Cauchy-Schwarz inequality, is satisfied among the unpolarized and polarized structure functions W T T , W a T T and W τ T T calculated up to the next-to-leading order in QCD.
Introduction
Although a Higgs particle has been discovered at the CERN Large Hadron Collider (LHC) [1], we need to examine all of its properties with great accuracy to verify its full identity. For that purpose, the construction of a new e + e − collider machine called the International Linear Collider (ILC) [2] is much anticipated. Even in the experiments at the ILC, a detailed knowledge of the SM at high energies, especially based on QCD, is still important. It is well known that, in high energy e + e − collision experiments, the cross section of the two-photon processes e + e − → e + e − +hadrons dominates over other processes such as the annihilation process e + e − → γ * → hadrons. The two-photon processes at high energies provide a good testing ground for studying the predictions of QCD.
In particular, the two-photon process in which one of the virtual photon is very far off-shell (large Q 2 ≡ −q 2 ), while the other is close to the mass shell (small P 2 ≡ −p 2 ), can be viewed as a deep-inelastic electron-photon scattering where the target is a photon rather than a nucleon [3] . In this deep-inelastic scattering of a photon target, we can study the photon structure functions, which are the analogs of the nucleon structure functions. When polarized beams are used in e + e − collision experiments, we can get information on the spin structure of the photon. For a real photon (P 2 = 0) target, there appear four structure functions: three unpolarized structure functions F were derived by Witten [5] and a few years later the next-to-leading order (NLO) corrections were calculated [6] . The structure function F γ 2 has been analyzed up to the next-to-next-to-leading order (NNLO) [7] . The QCD analysis of the polarized structure function g
2 ) was performed in the LO [8] and in the NLO [9, 10] . For more information on the theoretical and experimental investigation of both unpolarized and polarized photon structure, see Ref. [11] . The photon structure functions of a virtual photon target (P 2 = 0) have also been analyzed in pQCD. For more information on the study of the virtual photon structure functions
, see, for example, Ref. [12] .
So far in most of the QCD analyses of the photon structure functions, all the active quarks have been treated as massless. At high energies the heavy charm and bottom quarks also contribute to the photon structure functions and their mass effects may not be neglected. In fact, the NLO QCD corrections due to heavy quarks have been calculated for the unpolarized photon structure functions F γ 2 and F γ L [13] . The heavy quark mass effects on the polarized photon structure function g γ 1 were analysed at NLO in QCD in Ref. [10] by using the LO result of the massive PM. Recently, we have investigated the heavy quark mass effects on g γ 1 in the massive PM at NLO in QCD and have found numerically that the first moment of g γ 1 vanishes up to the NLO [14] .
In this paper we investigate the four real photon structure functions W T T , W LT , W a T T and W τ T T in the massive PM at NLO in QCD, and examine whether a positivity constraint [15] is satisfied among the unpolarized and polarized structure functions W T T , W a T T and W τ T T at NLO. The photon structure functions are defined in the lowest order of the QED coupling constant α = e 2 /4π and, in this paper, they are of order α.
In the next section we discuss the photon structure functions. In Sec.3 we explain the method which we employed to calculate these structure functions in the massive PM at NLO. In Sec.4 the NLO results for W T T , W LT , W a T T and W τ T T are given as a function of x for both cases of charm and bottom quarks. We find that the positivity constraint among W T T , W a T T and W τ T T is indeed satisfied for all the allowed x region. The final section is devoted to the conclusion. In appendix the resummation formulae for the structure functions are given.
Photon structure functions
Let us consider the photon-photon forward scattering amplitude, γ(q, a)
where q and p are four momenta of the probe and target photon, respectively, and J µ is the electromagnetic current. Its absorptive part is related to the structure tensor W µνρτ as [16] 
The s-channel helicity amplitudes are given by
where ǫ µ (a) represents the photon polarization vector, and a, a ′ = 0, ±1, and b, b ′ = ±1. Note that the target photon is real and has no longitudinal mode. Due to the angular momentum conservation, parity conservation, and time reversal invariance, we have in total four independent s-channel helicity amplitudes [17] , which we may take as
The first three amplitudes are helicity-nonflip and the last one is helicity-flip. For the real photon target, they appear four photon structure functions, W T T , W LT , W a T T and W τ T T , which are functions of Q 2 (= −q 2 ) and x = Q 2 /(2p · q). They also depend on the active quark masses. The subscripts T and L correspond to the transverse and longitudinal photon, respectively. The superscript "a" of W a T T refers to µν antisymmentric part of W µνρτ , while the superscript "τ " of W τ T T refers to transition with spin-flip for each of the photons. These structure functions are related to the s-channel helicity amplitudes as follows;
where W T T , W LT and W τ T T are called as the unpolarized structure functions since they are measured, for example, through the two-photon processes in unpolarized 
There exist positivity constraints on the structure functions, which are derived from the Caushy-Schwarz inequality [15] . For the case of real photon, we obtain one positivity constraint as follows;
We will confirm positivity constraint at NLO.
Calculation
We calculate the cross sections for the two photon annihilation to the heavy quark
with one-loop gluon corrections and to the gluon bremsstrahlung processes
We employ the technique which is based on the Cutkosky rules [18] and the reduction of Feynman integrals to master integrals. First, following the Cutkosky rules [19] , the delta-functions which appear in the phase space integrals are replaced with differences of two propagators
where m is the quark mass. Then the cross sections for the virtual corrections to the processes (8) and for the bremsstrahlung processes (9) are described by the two-loop
Figure 2: Two-loop diagrams with virtual corrections. Graphs with virtual corrections to the right of the cut lines and graphs with (q, µ) and (p, ρ) interchanged are added. Graphs with the external quark self-energies are not shown in the figure, but should be included in the calculation. We regularize the amplitudes in dimensional regularization D = 4 − 2ǫ. The absorptive part of the relevant photon-photon scattering amplitude, W µνρτ , can be written as [16] 
where
with
We introduce the following D-dimensional projection operators
such that each structure functions,
We apply the above projection operators to the two-loop diagrams given in figures 2 and 3. The contributions to each structure function are expressed in a linear combination of two-loop scalar integrals of the form
where for the diagrams in figure 3 . If ν i 's of the cut propagators are 0 or negative integer, those integrals do not contribute to structure functions due to the Cutkosky rule.
Thus we only pick up A(ν i )'s which are in the form A(1, ν kq , ν kp , 1, ν l , ν lq , ν lp , ν lpq , ν kl ) in figure 2 and A(ν k , ν kq , ν kp , 1, 1, ν lq , ν lp , ν lpq , 1) in figure 3 . The other scalar integrals are discarded.
There are still a large number of scalar integrals. Next, we apply the reduction procedure [20] and rewrite the scalar integrals in terms of fewer number of master integrals. This procedure is based on the method of integration by parts [21] and the use of the Lorentz invariance of scalar integrals [22] . We make use of FIRE [23] , a public reduction code powered by Mathematica, and express the relevant A(ν i )s as a linear combination of the master integrals, which are denoted as
in the same way as the notation of A(ν i )s in Eq. (15) . Again the master integrals in the form of M(1, ν kq , ν kp , 1, ν l , ν lq , ν lp , ν lpq , ν kl ) are only relevant for the virtualcorrection diagrams in figure. 2 and those in the form of M(ν k , ν kq , ν kp , 1, 1, ν lq , ν lp , ν lpq , 1)
are relevant for the real-gluon-emission diagrams in figure. 3. Finally, we perform the phase space integrations by taking discontinuities of the master integrals with cut propagators . For the two-cut and three-cut master integrals, we evaluate
and
respectively, and M's are master integrals which remained after applying reduction algorithm. Note that at least two ν i 's are zero in both (18) and (19) . The choice of a set of master integral is not unique and we are at liberty to replace a master integrals with one of other scalar integrals. We choose a set of master integrals such that the coefficients of master integrals are finite in the limit D → 4 [24] . With this choice of the set, the phase space integrations for master integrals need only be evaluated up to the finite terms in the series expansion in ǫ.
The ultraviolet (UV) singularities appear in the graphs (b), (c) and (d) of figure 2, while the infrared (IR) singularities emerge from the graph (a) of figure 2 and from the real gluon emission graphs (a),(b), (c) and (d) of figure 3. Both the UV and IR singularities are regularized by dimensional regularization. The UV singularities are removed by renormalization. We adopt the on-shell scheme both for the wave function renormalization of the external quark and for the mass renormalization. For the latter, we replace the bare mass in the Born cross section by the renormalized mass m,
where α s (µ) = g 2 /(4π) is the QCD running coupling constant, C F = 4/3 is the Casimir factor and S ǫ = (4π) ǫ e −ǫγ E with Euler constant γ E and µ is the arbitrary reference scale of dimensional regularization. The renormalization of the QCD gauge coupling constant is not necessary at this order. The IR singularities cancel when the both contributions from the virtual correction graphs and the real gluon emission graphs are added. Actually the IR singularities reside in the two-cut master integrals in the form M(1, ν kq , ν kp , 1, 1, ν lq , ν lp , 1, 1) and the three-cut master integrals M(ν k , ν kq , ν kp , 1, 1, ν lq , ν lp , ν lpq , 1) with ν k + ν lpq = 2.
Numerical results
We plot in figures. 4 and 5 the real photon structure functions . We show two curves for each structure function: the LO result and the result up to the NLO. The allowed x region is 0 ≤ x ≤ x Q with
The LO results are already known [16] such as
For x → x Q , β goes to zero and thus structure functions vanishes at x Q in LO.
We observe that the radiative corrections in NLO are noticeable. In the graphs (a), (c) and (d) of figures. 4 and 5 we find that the radiative corrections to W T T , W a T T and W τ T T are large near the threshold (near x Q ). Indeed those NLO curves do not vanish at x Q . This is due to the Coulomb singularity, which appears when the Coulomb gluon is exchanged between the quark and anti-quark pair near threshold.
The diagram figure 2(a) is responsible for this threshold behaviour. The virtual correction to the left of the cut line in figure 2(a) gives rise to a factor 1/β while a factor β comes out from the phase space integration. They are combined and yield a finite but non-zero result at x Q . On the other hand, the radiative corrections to W LT shown in the figures 4(b) and 5(b) evade the Coulomb singularity and vanish at threshold. This is because the structure of Coulomb enhancement is given by The jump size of Coulomb enhancement for each structure function is calculable in another way. It is well known that the contributions of Coulomb gluons can be summed up to all order. The result of all order resummation is given by Sommerfeld factor. Using Taylor expansion of Sommerfeld factor in strong coupling constant α s , leading Coulomb singularity can be reproduced to all order in α s . Combining the LO photon structure function W LO with the Sommerfeld factor, we can predict that the jump of the structure function are given by a derivative of LO structure function at the threshold multiplied by C F α s π/2. That is given by
where part in the first parenthesis corresponds to phase space integration of heavy quark pair and squared LO amplitude and the second is the Coulomb singularity. This formula is assured by the factorization of hard correction and the Coulomb singularities near heavy quark threshold. Our NLO results are consistent with (25) near the threshold. The formula also predict that the NNLO calculation in the massive PM suffers from a divergence, β × (C F α s /(2β)) 2 , near threshold due to double Coulomb gluon exchange. Therefore fixed order calculation near threshold becomes ill-defined and we need to resort to the method of resummation of the Coulomb singularities. Resummation formulae for the structure functions are given in Appendix A. We plot the PM predictions of (W T T + W a T T ) and |W τ T T | for the case of charm quark in figure 6(a) and for the bottom case in figure 6(b) . In both cases we observe that the positivity constraint (7) for a real photon target is satisfied up to the NLO for all the allowed x region with a wide margin except at the threshold x Q . At the threshold, we can find the following relation;
At the threshold, we find the following relation (26) from our numerical analysis. This is also checked analytically using resummation formula given in the Appendix A.
Summary
In this paper, we have investigated heavy quark mass effects for the real photon structure functions in the massive PM in the NLO in QCD. There are four structure This is due to the Coulomb singularity, which appears when the Coulomb gluon is exchanged between the quark and anti-quark pair near threshold. On the other hand, the radiative corrections to W LT evade the Coulomb singularity and vanish at threshold. We also have found that although the sum (W T T + W a T T ) remains finite in LO but diverges in the NLO as x → 0. This is due to the collinear divergence. The limiting procedure x = Q 2 s+Q 2 → 0 with fixed Q 2 is equivalent of taking the high energy limit s → ∞. In other words, the situation at x = 0 corresponds to the massless quark limit. A collinear divergence appears when a gluon is emitted from a massless quark. We also see the collinear divergence in the NLO contributions to W LT near x = 0. Finally we have shown from the numerical plots of the PM predictions of (W T T + W a T T ) and |W τ T T | and the positivity constraint (7) for a real photon target is satisfied for all the allowed x region.
A Threshold resummation for structure functions
The Green function sums up leading Coulomb singularity for photon-photon forward scattering amplitude. The contribution to the structure function is given by imaginary part of Green function Im G C (β) = m 2 β 4π 
with a n = C F α s /(2n). The terms with δ-function are due to Coulomb bound-states, which can have non-zero contribution to the structure functions for s < 4m 2 because β = i 4m 2 /s − 1 becomes pure imaginary.
We combine the LO photon structure function W LO and the Coulomb Green function G(β) [25, 26] in the following form
where S encodes the Coulomb singularity and T is the contribution due to boundstate poles. They are defined by
The matching factors are calculable for each structure function as
The resummation formula for structure function can be applied for the cases W T T , W a T T and W τ T T . Near threshold W LT is order of β 3 at LO, which is suppressed by β 2 compared to S-wave case. Therefore its Coulomb singularity at NLO is suppressed by β 2 and the resummation effect becomes moderate.
